An elementary introduction to the 2d/4d correspondences is given. After quickly reviewing the 2d q-deformed Yang-Mills theory and the Liouville theory, we will introduce 4d theories obtained by coupling trifundamentals to SU(2) gauge fields. We will then see concretely that the supersymmetric partition function of these theories on S 3 × S 1 and on S 4 is given respectively by the q-deformed Yang-Mills theory and the Liouville theory. After giving a short discussion on how this correspondence may be understood from the viewpoint of the 6d N = (2, 0) theory, we conclude the review by enumerating future directions. Most of the technical points will be referred to more detailed review articles. This is a contribution to the review volume "Localization techniques in quantum field theories" (eds. V. Pestun and M. Zabzine) which contains 17 Chapters available at [1] 
Introduction
The aim of this review article is to give an elementary account of the 2d/4d correspondence, originally found in [2, 3] . Let us begin by presenting the essential idea, which is in fact quite simple.
We start from a certain six-dimensional quantum field theory S, and consider its partition function on a product manifold X 4 × C 2 , where X 4 is four-dimensional and C 2 is twodimensional. Let us further suppose that thanks to the supersymmetric twists, the resulting partition function depends on the shapes but not on the sizes of X 4 and C 2 . Then the sixdimensional partition function S(X 4 × C 2 ) can be evaluated in two ways. On the one hand, if we make C 2 very small, we first have a four-dimensional theory S(C 2 ), and then we can consider its partition function on X 4 , namely S(C 2 )(X 4 ). On the other hand, if we make X 4 very small, we first have a two-dimensional theory S(X 4 ), and then we can consider its partition function on C 2 , namely S(X 4 )(C 2 ). We now have an equality S(X 4 )(C 2 ) = S(C 2 )(X 4 ).
(1.1) supersymmetric localization, and describe how the partition functions on S 1 × S 3 or on S 4 can be computed. In Sec. 5, we apply the supersymmetric localization to the class S theories of type SU (2) . We will see that the partition functions on S 3 × S 1 and on S 4 are given by the q-deformed Yang-Mills and by the Liouville theory, respectively. We then explain how this correspondence can be understood in terms of the 6d N =(2, 0) theory. We will conclude in Sec. 6 by going over possible future directions.
Two two-dimensional theories 2.1 Two-dimensional Yang-Mills theories
Let us first study two-dimensional Yang-Mills theories. We will first deal with the standard undeformed gauge theories, and will indicate how it can be q-deformed at the end. Every detail of the undeformed theory can be found in the great review [10] .
Action
The 2d Yang-Mills theory with the gauge group G has the Lagrangian
Here we consider the theory on a curved manifold with the background metric g, in the Euclidean signature. The coupling constant e can be removed by rescaling g.
Recall that in two dimensions, the only nonzero component of the field strength F µν is F 01 . The kinetic term can then be written as tr F µν F µν ∝ (g 00 g 11 − g 01 g 10 ) tr(F 01 ) 2 = (det g) −1 tr(F 01 ) 2 .
(2.2)
This means that in the action (2.1) we do not have individual components of the metric g: the only combination that appears is det g. Put differently, the 2d Yang-Mills theory can be formulated on a 2d surface not quite equipped with the metric which allows us to measure the distance; all what we need is the volume form dx 0 dx 1 √ det g which allows us to measure the area. The only invariant of the 2d surface is then its genus and the total area of the surface, on which alone the partition function can depend.
On the cylinder
Let us now analyze the theory on a cylinder x 1 ∼ x 1 + L with x 0 as the time direction, see Fig. 1 . We take the temporal gauge A 0 = 0. At a constant time slice x 0 = 0, the gauge-invariant data is the holonomy of the gauge field around the circle: It is a standard fact in group theory that such functions are given by a linear combination of traces χ R (U ) = tr R U (2.5)
in irreducible representations R. Note that they are orthonormal under the natural measure on G: Acting on χ R (U ) = tr R P exp L 0
A 1 dx 1 , we find
where c 2 (R) is the value of the quadratic Casimir in the irreducible representation R. We fix the proportionality constants by demanding that Hχ R = Lc 2 (R)χ R . Now we can evaluate the partition function Z on a torus
Note that the final result only depends on the total area T L of the torus, as it should be.
On a general surface
Next, let us study the theory on a general 2d surface. First, consider the case of a disk with area A, see Fig. 2 . We specify the holonomy U around the boundary circle; then we can perform the partition function under this condition. We can denote it as Z A (U ). This can also be thought of as defining a wavefunction on the boundary S 1 , and can be denoted as U U V W Figure 2 : A disk and a three-holed sphere, with holonomies around the boundaries specified ψ A (U ) = Z A (U ). Therefore, in the following, we use the terminology the partition function Z and the wavefunction ψ interchangeably. This method of defining a wavefunction via a path-integral over a disk (or more generally a ball in higher dimensions) was pionneered by Hartle and Hawking, and therefore this is often called the Hartle-Hawking wavefunction. So, what is this wavefunction ψ A (U ) associated to the disk? First, note that we can glue a cylinder of area A to a disk of area A to have a disk of area A + A , see Fig. 3 . This means ψ A+A (U ) = e −Ac 2 ψ A (U ) (2.10) where c 2 is the operator acting by c 2 (R) on χ R (U ). Therefore it suffices to determine ψ A=0 (U ). When the area is zero, U is forced to be an identity element, and therefore ψ A=0 (U ) = αδ(U ) where δ(U ) is the delta function at the identity on the group manifold of the group G and α is a proportionality constant. We can write
where d R can be found from the orthonormality property (2.6):
This way we find ψ A (U ) = α R e −Ac 2 (R) (dim R)χ R (U ). (2.13) Second, it is useful at this point to rewrite the Hamiltonian on the cylinder we found above as the amplitude on the cylinder whose boundary holonomies are U , V :
Third, note that any 2d surface can be cut into pieces, such that each piece is a sphere with three holes, see Fig. 2 . Let us say the area is A and the holonomies around the three holes are U , V and W . What is the wavefunction ψ A (U, V, W )? The crucial property is that when a disk is sewed to a hole, it becomes a cylinder, see Fig. 4 . In terms of an equation, this becomes The result can be easily generalized to arbitrary surface of area A, genus g and n holes with holonomies U i=1,...,n , by gluing ψ A (U, V, W ). The answer is
Note that this final answer automatically satisfies the associativity of the sewing of two three-punctured spheres as shown in Fig. 5 . Finally let us briefly discuss the dependence on α of various quantities found above. In the action (2.1) we can include a local term
where R is the Riemann curvature of the metric g. On a surface without punctures, this integrates to β(2 − 2g), and is therefore topological. When the surface has punctures, there The amplitude does not depend on how one cuts a four-holed sphere into two three-holed spheres is a natural boundary term that makes the integral β(2 − 2g − n). By including this local but topological term (2.18), the factors α 2−2g−n we saw above shifts to (e β α) 2−2g−n . A term of the form (2.18) can be easily generated by changing the regularization scheme and/or the renormalization scheme of a quantum field theory. Therefore there is not much sense in asking what value of α we get when we start from β = 0 in the original Lagrangian (2.1).
q-deformation
So far, we solved the 2d Yang-Mills theory starting from the action (2.1). We can instead start from the lattice formulation. Namely, we draw a sufficiently fine mesh on the 2d surface. At each edge e, we assign a dynamical variable U e taking values in the group G, and at each face f , we assign a Boltzmann weight 2.19) where the product is taken around the edges e around the face f . Then the path integral defined as
gives the partition function (2.17). An interesting deformation of this theory is obtained by declaring that edge variables U e take values in the quantum group G q , instead of in the ordinary group G. The quantum groups are obtained by making non-commutative the matrix entries of the group. For example, the quantum group SU(2) q is given by considering 2 × 2 matrices U i j = α β γ δ with the relations
with their complex conjugates given bȳ
Since the matrix entries themselves are non-commutative, it is slightly tricky to come up with a correct ordering of variables in the lattice path integral (2.20) but this can be done [11, 12] .
Let us see how a complication would arise, in a simple example. From the explicit commutation relations of the matrix entries of SU q (2) given above, it is easy to check that we have
However, due to the non-commutativity of the entries, we have
where
Therefore, the natural combination δ iī δ iī of the undeformed SU(2) is modified to
in the representation theory of SU q (2). The right hand side is called the quantum dimension of the two-dimensional representation of SU q (2). At the end of the day, the only change in the final expression (2.17) of the partition function, due to the fact that the gauge group is now the quantum group, is that the dimension dim R is replaced by the quantum dimension dim q R. For the general SU(N ) case, the quantum dimension is given by 29) and therefore the partition function of the q-deformed theory is
It is known that the same deformation arises also string theoretically [13] , although the underlying quantum group is not directly visible there.
The Liouville theory
We will now study the second two-dimensional field theory, known as the Liouville theory. It is the prime example of so-called irrational conformal field theory. Here we cover only extremely shallow aspects of this beautiful and rich theory. An interested reader is referred to the classic reviews such as [14, 15] . We will mainly use a more axiomatic approach, pioneered and reviewed in [16] . Before getting there, let us quickly recall the free boson theory.
Free boson theory
A massless boson φ in two dimensions in the Euclidean signature satisfies the equation of motion
where f (z) is a holomorphic function. From this we see that the classical theory has a symmetry under arbitrary holomorphic changes of the coordinate z → g(z). Denote the generator of the infinitesimal transformation
In the quantum theory, the basic operator product expansion of the free boson theory is
The generator L 0 rescales the coordinate as z → e − L 0 z. Correspondingly, when the twopoint function behaves as (z−w) −2∆ (z−w) −2∆ , we say that the operator has the holomorphic dimension L 0 = ∆ and the anti-holomorphic dimensionL 0 =∆. We find ∂φ has (L 0 ,L 0 ) = (1, 0) and e 2iaφ has (L 0 ,L 0 ) = (a 2 , a 2 ). Quantum mechanically, the algebra generated by
where c is a number called the central charge. This is the celebrated Virasoro algebra. We package them into a field T (z) = L n z n−2 . The commutation relation above is equivalent to the operator product expansion
In a free-boson theory, the energy-momentum tensor T (z) is given by T (z) = (1/2)∂φ∂φ. A short computation reveals that it satisfies the relation (2.36) with c = 1. We now consider a slightly modified free-boson theory where the energy momentum tensor is given by
We find that this satisfies the relation (2.36) with
This modification corresponds to having the Lagrangian density
where R is the curvature of the 2d surface. When computing the correlators on the sphere, we can map it to a flat infinite plane, with the caveat that there is still a concentration of the curvature at z = ∞. This effectively place an operator e −2Qφ at z = ∞. From this reason the parameter Q is often called the background charge. This modifies the basic correlator of the exponential fields (2.34) to
In particular, the exponential operator e 2(Q/2+ia)φ has L 0 = a 2 + Q 2 /4. More generally, we say that the operator e 2aφ has L 0 = a(Q − a). (2.41)
Interacting theory
Suppose now that we want to change this free boson theory with background charge Q into a full-fledged interacting theory without destroying the conformal invariance. At leading order, a new term in the Lagrangian should have the dimension (L 0 ,L 0 ) = (1, 1) to preserve the conformal invariance. From (2.41), we find that the operator e 2bφ does the job, when
Now the Lagrangian density is
where the parameter µ is often called the cosmological constant. This parameter µ can be set to any value one wants, by shifting the origin of φ, so it is not easy to do a perturbation theory in terms of this interaction term. Put differently, the potential term e 2bφ is exponential, and cannot be considered as a small deformation from the free theory with the Lagrangian (2.39). But after a series of impressive works, we now know that the Lagrangian density (2.43) determines an interacting conformal field theory with the central charge
One crucial difference from the free theory is as follows. In the free theory, the operator e 2ipφ with L 0 = p 2 gives rise to a state with momentum p moving the direction parameterized by φ, under the state-operator correspondence. In particular, two operators e 2ipφ and e
−2ipφ
are two distinct states. Similarly, in the Liouville theory, the operator e (Q+2ip)φ with L 0 = p 2 +(Q/2) 2 corresponds to a state with momentum p in the φ-space. Here the shift of the exponent by Q is necessary to keep L 0 real and positive. Due to the exponential interaction e 2bφ , the wave coming from the negative φ region cannot penetrate to the positive φ region. Instead, it gets reflected by the exponential potential wall. This means that two operators e (Q+2ip)φ and e (Q−2ip)φ give one and the same state:
where R(p) is a phase called the reflection coefficient. The asymptotic behavior of R(p) can be computed from the quantum mechanical scattering problem by the exponential potential, and the constraints on further corrections to R(p) from the conformal invariance was one of the starting points of the full solution of the Liouville theory. We now know that a unitary conformal theory can be uniquely specified by the condition that its spectrum is given by a family of primary operators V p (z) for a real number p ≥ 0 with
The central charge is (2.44). The three-point function on the sphere was originally found independently by [17] and [18] . Using conformal invariance, we can put one operator at z = ∞, another at z = 1, and the third at z = 0. Then it is given by
where Γ 2 (x| 1 , 2 ) is Barnes' double Gamma function obtained by regularizing the infinite product
We will need the following properties of the double Gamma function later in this review. First, Γ 2 (x| 1 , 2 ) is real when x is real, assuming 1,2 are real. Then, from analytic continuation, we have
Another relation we need is
Before proceeding further, note that the two-and three-point functions are essentially invariant under the exchange b → b −1 , as the first line in (2.46) can be absorbed into the definition of the primary operators. This invariance under the inversion of b is rather surprising from the point of view of the Lagrangian description using (2.43), as it cannot be seen classically at all. The invariance played a crucial role when people first solved the Liouville theory.
Four-point function: general structure
In the 2d gauge theory case, the knowledge of the cylinder partition function and the partition function for the sphere with three holes were enough to compute the partition function on arbitrary surface with any number of holes. Similarly, also for the Liouville theory, the knowledge of the two-point function and the three-point function is sufficient to obtain the correlation function on arbitrary surface with any number of insertions of operators.
Let us illustrate the method by computing the four point function. Using the conformal invariance, we can put three operators at z = ∞, z = 1 and z = 0. Let q be the position of the fourth operator, and we would like to obtain
This is done by inserting the complete set of states between e 2α 2 φ(1) and e 2α 3 φ(q,q) , see At the level of the geometry, we have a three-punctured sphere with a local coordinate z, and another with a local coordinate z . Both have three punctures at z, z = ∞, 1, 0. We connect z = 0 and z = ∞; this is done as follows. The local coordinate at z = ∞ is better thought of as w = 0, where wz = 1. Now, the gluing of two punctures with parameter q, one at z = 0 and another at w = 0 is done by performing the identification zw = q. We end up having a four-punctured sphere with coordinate z, with punctures at z = ∞, 1, q and 0.
The complete set of states are given by the operators
where p ≥ 0 is real and positive, and the positive integers
specify the descendants of the Virasoro algebra. Note that k ork can be zero. The four-point function is then decomposed as
is the inverse matrix of
We will soon see that G p,{n},{n } can be computed using only the Virasoro algebra. We can also write
where α = Q/2+ip, and the functions l and r can again be computed using only the Virasoro algebra. Plugging these relations back in (2.55), we have
is known as the four-point conformal block. Note that the expression (2.59) was obtained by inserting a complete set of states between pairs α 1 , α 2 at z = ∞, 1 and α 3 , α 4 at z = q, 0. The same correlator can also be obtained by inserting a complete set of states between pairs α 1 , α 3 at z = ∞, q and α 2 , α 4 at z = 1, 0 or between pairs α 1 , α 4 at z = ∞, 0 and α 2 , α 3 at z = 1, q. The equality of the resulting expressions is not at all trivial, but has been proved in [16, 19] .
Four-point function: explicit expressions
Let us determine the conformal block explicitly to the first few orders. For the zeroth order term, we just have G p,0,0 = l α 1 ,α 2 ,Q/2+ip,0 = r Q/2−ip,α 3 ,α 4 ,0 = 1, and so
In the next order, we first compute
using the commutation relation
and the fact L 1 annihilates the primary
At the next order, we find
Next, we need to evaluate
To do this, we commute e 2α 2 φ(1) and L −1 . The term L −1 e 2α 2 φ(1) has L −1 acting from the right on the primary e 2(Q−α 1 )φ(∞) , which annihilates it and gives zero. The computation of the commutator [e 2α 2 φ(1) , L −1 ] boils down to reinstating the position dependence by replacing φ(1) with φ(z), taking the derivative with respect to z, and setting z = 1 again. From the conformal invariance the z dependence is just z −hα 1 +hα 2 +h Q/2+ip where
Then we have
The next order terms are
Combining the results, we find
The order q 2 term can be computed from the data shown above, but is too lengthy to be included here.
It is tedious but not difficult to obtain terms of higher order in q in the conformal block F (q). Note that this is determined purely by the property of the Virasoro algebra, and the final result is expressed in terms of h α i = α i (Q − α i ) and ∆ p , that are the L 0 of the primary fields e 2α i φ and e (Q+2ip)φ , and the central charge c only. It is instructive at this point to write a program in a computer algebra system of the reader's choice to compute the conformal block to the arbitrary order in q.
A class of four-dimensional theories
In this section we introduce a class of four-dimensional N =2 supersymmetric gauge theories, commonly known as class S theories of type SU(2) in the literature. This class of theories was first introduced in [4] . For an extensive review, see e.g. [20] . We start by quickly recalling the very basics of N =2 Lagrangians.
N =2 supersymmetric gauge theories
We assume the reader knows the basics of N =1 superfields. The N =2 theories we deal with can be obtained by imposing an SU(2) R symmetry that does not commute with the N =1 supersymmetry apparent in the N =1 formalism.
Let us start with the N =2 vector multiplet. This consists of an N =1 vector multiplet V of a gauge group G, together with an N =1 chiral multiplet Φ in the adjoint representation of G. We consider the Lagrangian
where τ = 4πi/g 2 + θ/2π is the complexified gauge coupling. By expanding the superfields into components, we see that the gaugino λ in V and the chiralino ψ in Φ have exactly the same couplings with the other fields, thus realizing SU(2) R symmetry.
Next, we introduce the N =2 hypermultiplet, in the representation R of the gauge group G. This consists of a pair of N =1 chiral multiplets Q,Q in the representation R andR. The Lagrangian is
where µ is the mass term. Here, the SU(2) R symmetry rotates the scalar components of Q andQ † .
The Lagrangian above describes a massless hypermultiplet. To give a mass term, we can give a vev to Φ in the Lagrangian above. For example, take a pair of hypermultiplets Q a i andQ i a where a = 1, . . . , N c and i = 1, . . . , N f . This is in the bifundamental representation of SU(N c ) × U(N f ), and as such we have the coupling
in the Lagrangian, where Φ is in the adjoint of SU(N c ) and Φ is in the adjoint of U(N f ). Now we regard Φ and its associated N =1 vector multiplet as external, background fields and just give a vev Φ When m = 0, the U(N f ) symmetry is a global flavor symmetry. With generic nonzero diagonal m, this U(N f ) symmetry is further explicitly broken to U (1) N f . We usually say that this mass term m i jQ i Q j is associated to the flavor symmetry U(N f ). We often abuse the terminology and say that the theory has the U(N f ) flavor symmetry even when m = 0.
Finally let us introduce the half-hypermultiplet. When the representation R is pseudoreal, i.e. when R andR are equivalent as representations and when there is a gauge-invariant antisymmetric two-form ab , we can impose the condition
compatible with the SU(2) R invariance. This is called a half-hypermultiplet in the representation R. Note that this consists of a single N =1 chiral multiplet in the representation R.
Class S theories of type SU(2)

Construction from three-punctured spheres and cylinders
In Sec. 2, we recalled the properties of two two-dimensional field theories. Very abstractly, two-dimensional field theories associate complex numbers to two-dimensional surfaces. There, the essential point was to find the amplitude associated to a three-punctured sphere or a three-holed sphere, and the amplitude associated to a cylinder. Here, we introduce a way to associate four-dimensional field theories instead of complex numbers to two-dimensional surfaces. Again, the important point is to consider what to associate to a three-punctured sphere or a cylinder. (2) 3 symmetry.
First, take a three-punctured sphere, see Fig. 7 . We associate an SU(2) flavor symmetry for each of the three punctures. The fundamental representation of SU (2) is pseudoreal. Furthermore, the tensor product of an odd number of pseudoreal representations is pseudoreal. Therefore, the N =1 chiral multiplet in the representation (2, 2, 2) of SU(2) 1 × SU(2) 2 × SU(2) 3 , which we denote as
forms a half-hypermultiplet. Here a, i, u are the indices for SU(2) 1,2,3 , respectively. Next, take a cylinder, see Fig. 8 . We assign to it a complex number τ = 4πi/g 2 + θ/2π, where g is real and θ ∼ θ + 2π. We then associate to it an N =2 vector multiplet with gauge group SU(2), whose complexified coupling is τ . τ SU(2) vector multiplet with complexified coupling τ Now, given a collection of three-punctured spheres, we pick two punctures. Let us say that the first puncture is at z = 0 in a local coordinate z and the second is at w = 0 in a local coordinate w. We take a cylinder with parameter τ , and make the identification
We also often use the notation q = e 2πiτ . Correspondingly, we perform the following operation on the four-dimensional gauge theory side. By choosing two punctures, we picked up two SU(2) flavor symmetries. We now couple them to a dynamical SU(2) gauge field, whose complexified coupling constant is τ .
One-punctured torus
Take one three-punctured sphere, and connect two punctures out of three, by a cylinder of parameter τ . The result is a torus of modulus τ with a puncture, see Fig. 9 . As a gauge theory operation, we start from a trifundamental Q aiu . Pick the indices a and i, and we couple it to a single SU(2) gauge field. We now regard two SU(2) symmetries acting on a and i as one and the same; as a doublet times a doublet is a triplet plus a singlet, we relabel Q aiu as A Iu (I = 1, 2, 3) and H u , where the index u = 1, 2 is still for an SU(2) flavor symmetry.
We end up with an N =2 SU(2) gauge theory with a triplet hypermultiplet formed by A I := A I,u=1 ,Ã I := A I,u=2 and a decoupled hypermultiplet formed by H := H u=1 ,H := H u=2 . An N =2 gauge theory with gauge group G, together with a hypermultiplet in the adjoint representation of G, has an enhanced N =4 supersymmetry, and commonly known just as N =4 supersymmetric Yang-Mills. We can give a mass term using SU(2) flavor τ 0 τ 1 Figure 9 : A punctured torus can be obtained from gluing two points of a three-punctured sphere.
symmetry, still preserving N =2 supersymmetry. The resulting theory is often called N =2 * theory.
Note that the gauge theory we obtained has zero one-loop beta function. The highdegree of supersymmetry guarantees that the beta function is zero even non-perturbatively. Therefore the complexified coupling τ remains a dimensionless parameter in the gauge theory.
An important property of N =4 super Yang-Mills is its S-duality: the theory with gauge group G with coupling constant τ is equivalent to the theory with dual gauge group G ∨ with coupling constant −1/τ . We only use the case G = SU (2) , where the dual gauge group G ∨ happens to be the same as the original one, so G = G ∨ = SU(2). This has a nice interpretation in our geometric construction of gauge theories: we can construct a one-punctured torus with modular parameter τ in two ways from a three-punctured sphere and a cylinder, namely with a cylinder with parameter τ or with parameter −1/τ . Correspondingly, for this once-punctured torus, we have two gauge theories associated under our rule: N =4 theory with gauge group SU(2), with complexified gauge coupling τ or the same theory with gauge coupling −1/τ . The S-duality guarantees that these two theories are the same.
Four-punctured sphere
Next, take two three-punctured spheres, and connect one puncture from a sphere and another puncture from another sphere, with a cylinder with parameter τ . This gives a four-punctured sphere.
In the gauge theory language, we have two trifundamentals Q aiu and Q usx . The indices a, i, s, x = 1, 2 are for four SU(2) symmetries, and we have a dynamical SU(2) gauge multiplet acting on the index u = 1, 2. The one-loop beta function is zero. Again, the beta function is zero even non-perturbatively, and the complexified coupling constant is a genuine dimensionless parameter of the theory.
We can reorganize the chiral matter fields into q uI where u = 1, 2 and
where Φ is the adjoint chiral scalar of the SU(2) gauge multiplet. The indices uv are symmetric, and therefore δ IJ is symmetric too. This means that the flavor symmetry is SO (8) . This theory is often called SU(2) gauge theory with N f = 4 flavors. The four SU(2)s are subgroups of this SO(8):
and the chiral matter fields transform as
where 8 V is the vector representation of the SO (8) Now, a four-punctured sphere can be obtained in three distinct ways from two threepunctured spheres, see Fig. 10 . We described one already. Two others also give SU (2) theories with N f = 4 flavors, but with different SO(8) representation and with different coupling constants. Namely, the matter fields in
with coupling q = 1/q and the matter fields in
with coupling q = 1 − q. Here, 8 S and 8 C are positive and negative chirality spinors of SO (8), and we used the exponentiated complexified coupling constants q = e 2πiτ , q = e 2πiτ , q = e 2πiτ . Again, the S-duality guaranteeing the equivalence of these three descriptions has been known for quite some time.
General consideration
Let us recapitulate what we have introduced so far. First, we gave a method to construct an N =2 gauge theory. The data was encoded in terms of the three-punctured spheres and cylinders connecting pairs of punctures. As can be easily checked, every gauge group corresponding to any cylinder has zero one-loop beta function. The N =2 supersymmetry then guarantees that all beta functions are zero even non-perturbatively, and therefore all gauge coupling constants remain genuine dimensionless parameters of the theory. The punctures that remain unused for connection via cylinders provide SU(2) flavor symmetries. With k punctures we have SU (2) k flavor symmetries, and if desired, we can turn on the corresponding k mass parameters. At this point, we have a Lagrangian field theory for a given Riemann surface with punctures, with the decomposition into three-punctured spheres specified.
Second, we considered a torus with one puncture can be constructed from two threepunctured spheres in two ways. The corresponding gauge theories were both N =4 super Yang-Mills with gauge group SU(2) with a decoupled hypermultiplet, but with different coupling τ and −1/τ . They are known to be S-dual. Therefore, a torus with one puncture in fact corresponded to a single theory.
Third, we considered a sphere with four-punctures. This can be constructed in three ways from two three-punctured spheres. The three corresponding gauge theories were SU (2) theories with N f = 4 flavors, but with hypermultiplets in distinct SO(8) flavor representations and with distinct coupling constants. Again, they are known to be S-dual. Therefore, a four-punctured sphere in fact corresponded to a single theory.
In general, given a single Riemann surface with a number of punctures, there are multiple ways to cut it into three-punctured spheres and cylinders. Each of such decompositions gives rise to a distinct Lagrangian of N =2 supersymmetric gauge theory. However, by combining the two S-dualities recalled above, any such decompositions can be related. Therefore, we conclude that a single Riemann surface with a number of punctures in fact corresponds to a single quantum field theory, of which various distinct Lagrangians are just avatars.
Two supersymmetric backgrounds
In this section we first discuss the general idea of supersymmetric localization, following the approach pioneered by [21] and reviewed in Contribution [22] . We then discuss two explicit supersymmetric backgrounds, one based on S 1 × S 3 and another based on S 4 . More details on the former and the latter can be found in Contribution [23] and in Contribution [24] , respectively.
General yoga of supersymmetric localization
The energy-momentum tensor T µν of a quantum field theory describes how it couples to an external metric perturbation. Namely, let Z be the partition function as a functional of the metric. Then we have δ log Z = δg µν T µν d d x. By integrating this small variation, we know how a quantum field theory behaves in a general curved manifold.
In a supersymmetric theory, the energy-momentum tensor T µν sits in a supermultiplet, containing the supercurrent S µα and other components, depending on the dimension of the spacetime, the number of supersymmetries, and other subtler properties. In this review we are interested in N =2 theory in four dimensions. We then have the R-current J R µ and a scalar component X, both in the adjoint of SU(2) R .
The energy-momentum tensor T µν knows how the theory couples to the metric g µν . Similarly, the supercurrent S µα knows how it couples to the gravitino background ψ µα . The R-current J R µ knows how it couples to the R-symmetry background A R µ , and the scalar component X knows how it couples to the scalar background M . In short, the supermultiplet (T µν , S µα , J R µ , X, . . .) knows how it couples to the external supergravity background (g µν , ψ µα , A R µ , M, . . .). There are many definitions of supermanifolds in the mathematical literature, but from the point of view of the supersymmetric field theories, the most natural super-version of a curved manifold is a manifold with the full supergravity background specified. This point of view was emphasized first in [21] and reviewed in more detail in Contribution [22] .
Similarly, if a theory has a global flavor symmetry group G, it has a flavor current J µ , which knows how the theory couples to the flavor symmetry background A µ . When the theory is N =2 supersymmetric in four dimensions, J µ sits in a supermultiplet containing a scalar operator K, that knows how to couple to a background scalar Φ, where both K and Φ are adjoint of G. In fact, the mass term of N =2 theory is just a special case of this construction, as we recalled in Sec. 3.1. Now, given a quantum field theory on a curved manifold with isometry ξ, we have δ ξ O = 0 for any operator O. Similarly, given a supersymmetric field theory on a supersymmetric background, i.e. a supergravity background with at least one superisometry , we have δ O = 0 for any operator O.
It often happens that many natural bosonic operators in the Lagrangian can be written as δ O. For example, suppose a coupling λ in the Lagrangian multiplies an operator X = δ O. Then, the partition function is independent of λ, because
Also, note that the superisometry variation of the supercurrent itself, δ S µα , is given by a linear combination of the energy-momentum tensor and other bosonic components of the supermultiplet. This means that a certain variation of the metric can be combined with corresponding particular variations of R-symmetry and scalar backgrounds so that the partition function is independent of it. This makes the partition function on a supersymmetric background oblivious to detailed choice of the metric. Sometimes it depends only on the topology or the complex structure of the spacetime. When δ 2 generates a bosonic isometry of the background, the partition function only depends on the topological property of that isometry, etc.
It also often happens that we can choose a fermionic operator O such that
where ψ runs over the dynamical fermion fields in the theory. We then consider the deformation
Thanks to δ 2 O = 0, the deformed Lagrangian is still invariant under the superisometry .
for arbitrary t. In the large t limit, the integral localizes to the configurations satisfying
and fluctuations around them. For this reason we often call δ O as the localizing term. We parameterize the solutions to (4.5) by a space M = i M i where i is some label distinguishing the components. Then we have the equality 6) where Z classical is the exponential of the classical action evaluated at a configuration satisfying (4.5), and Z quadr. fluct. is the result of the Gaussian integrals of bosonic and fermionic fluctuations. The interaction terms do not contribute in the t → ∞ limit. Often, each of the components M i is finite dimensional, and therefore the partition function Z is given as a sum of explicit multiple integrals. Evaluating it is still a formidable task, but is infinitely simpler than the original infinite-dimensional path integral expression. Now, let us discuss two particular classes of supersymmetric backgrounds for four-dimensional N =2 theories, on which the localization has been worked out in detail. The first is S 1 × S 3 and the second is S 4 . We do not discuss the detailed derivations of the facts mentioned below. Happily, all the details can be found in Contribution [23] 
S
First, we consider N =2 superconformal theory on S 1 × S 3 . An N =2 superconformal theory has SU(2) R × U(1) R R-symmetry. A class of supersymmetric backgrounds, where the supersymmetric localization can be performed, is specified by the ratio β of the radii of S 1 and S 3 , and two holonomies of SU(2) R and U(1) R around S 1 . In total there are three parameters, commonly denoted by (p, q, t). Note that this q is independent of the exponentiated complexified coupling, also often denoted by q and is equal to e 2πiτ . In fact, the vector multiplet Lagrangian is of the form ∼ τ δ O, and therefore the partition function on this background is independent of the complexified gauge coupling τ .
For brevity of the exposition, we only use the one-dimensional slice where p = 0, q = t. In this case q = e −β . When the N =2 theory in question has a flavor symmetry G, we can choose an element g ∈ G such that there is a background G gauge field around S 1 given by g. Then the partition function on this background is just a function of q = e −β and g ∈ G. By considering the S 1 direction as the time direction, the partition function can be written as Z(q, g) = tr H (−1)
Here, H is the Hilbert space of the superconformal theory on S 3 , which is equivalent to the space of point-like operators of the conformal theory on the flat space, via the stateoperator correspondence. ∆ is then the scaling dimension of the operator, and R is the third component of the SU(2) R charge. From this structure this partition function is often called the superconformal index. For four-dimensional quantum field theories, this concept was introduced in [7, 8] .
Correspondingly, the computation of Z(q, g) for an N =2 Lagrangian field theory can be done either by counting the operators on a flat space, or by performing the path integral on S 1 × S 3 . In most of th literature it is done using the operator approach; for a through discussion for N =2 case, see [9] . For a path-integral approach for N =4, see [25] .
Either way, we find the following results. We first represent the holonomy g ∈ G around S 1 using complex numbers in the form
where r is the rank of G. We can have an arbitrary flavor holonomy. The gauge holonomy parameterizes the BPS configurations over which we integrate. For an N =2 hypermultiplet consisting of N =1 chiral multiplet in a representation R of a symmetry G, the partition function is
where w = (w 1 , . . . , w r ) runs over weights of R and z w := z i w i . For a gauge theory with gauge group G, the partition function is
Here, the product on α runs over the roots α of G, |W G | is the order of the Weyl group of G, and the integral takes the residues at the origin.
As an example, the partition function of N =4 supersymmetric Yang-Mills of gauge group SU(N ), considered as an N =2 theory with SU(2) flavor symmetry, is given as follows. The SU(2) element g is written as (a, a −1 ) ∈ SU(2). The SU(N ) element is written as (z 1 , . . . , z N ) ∈ SU(N ), with the understanding that z i = 1. Then, we have
This looks complicated, but it is quite explicit, and its q-expansion can be readily computed.
S 4
As a second supersymmetric background, we consider S 4 . The localization on a round S 4 was first done in [6] , and this was later extended to squashed S 4 in [26] . We call both backgrounds just S 4 . A review of the localization on general backgrounds with two isometries can be found in [27] .
General structure
To describe the localization, we first write S 4 as a hypersurface in a five-dimensional space parameterized by a real number x and two complex numbers z 1,2 :
Write z i = r i e √ −1φ i , and we endow S 4 with background supergravity fields invariant under the arbitrary shift of φ 1 and φ 1 . The metric and other supergravity fields can be suitably chosen so that there is a superisometry such that δ 2 generates a rotation
Note that x = 1, z i = 0 and x = −1, z i = 0 are two fixed points under this rotation. We call them the north pole and the south pole. The field configurations that contribute to the partition function under the localization are as follows. For the hypermultiplets, the vev should be all zero. For the vector multiplets, the adjoint scalar Φ is such that Φ can have a non-zero spacetime-independent vev but Φ = 0. This vev is customarily denoted by a. We take the convention that a is purely imaginary. When the vector multiplet is non-dynamical, this vev a gives the mass term of the hypermultiplets, and is often denoted by m. In addition, there can be point-like instantons supported on the north pole and point-like anti-instantons supported on the south pole.
Correspondingly, the partition function of the theory on S 4 with gauge group G has the form
where |W G | is the order of the Weyl group, the integral is over the space of vevs of the real part of Φ that is gauge-fixed to lie on the Cartan subalgebra. Then Z(a) is the contribution from the northern hemisphere given the vev a, and its complex conjugate Z(a) gives the contribution from the southern hemisphere. The contribution Z(a) is often called Nekrasov's partition function, and is composed of the following ingredients:
In the following, we give explicit forms of these three factors. We will be cavalier about the overall factors independent of the vev of the adjoint scalars, mass parameters and gauge coupling constants.
Classical and one-loop factors
The first factor is the exponentiated classical action, given by the product of
over various gauge multiplets, where τ is the complexified gauge coupling. The second factor is the one-loop contributions from the vector multiplets and the hypermultiplets. From a gauge multiplet, we have
where the product runs over the positive roots α. From a hypermultiplet in the representation R, we have
where the product runs over the weights of R. For a half-hypermultiplet in R, the product runs over arbitrary half of the weights of R; the final contribution to the instanton integral (4.15) does not depend on this split into halves. The mass term of hypermultiplets can be incorporated by giving a vev to the scalar in the flavor background gauge multiplet. Effectively, this just replaces w · a → w · a + m. Note also that in our convention a is purely imaginary but 1,2 are real. Therefore, to get the contribution Z(a) from the southern hemisphere, we just replace a by −a in the argument of the double Gamma function.
Instanton contributions
The instanton contribution is much more complicated to present and the explicit form is only known for SU gauge groups and with full hypermultiplets, due to various technical problems. Even for SU gauge groups, the computation involves a certain regularization that introduces spurious contributions, which is often said to come from replacing SU groups by U groups and therefore has the name U(1) factors. Here we just quote the known results, including the spurious or U(1) factor. For a more detailed discussion, see [28] .
A point-like instanton configuration of a U(N ) gauge multiplet is labeled by an N -tuple of Young diagrams Y = (Y 1 , . . . , Y N ). A Young diagram Y is just a non-decreasing sequence of natural numbers Y = (λ 1 ≥ λ 2 ≥ · · · ). Here we visualize them by considering λ i as the height of the i-th column from the left, and we set λ i = 0 when i is larger than the width of the diagram. This is not the standard convention in the literature of Young diagrams, but is the standard one in the instanton computations. We denote by |Y | the number of boxes, i.e. |Y | = λ i and then we define
. For a box s at the coordinate (i, j), its arm-length A Y (s) and the leg-length L Y (s) are defined to be
Note that s can be outside of the Young diagram Y . We then let 
This expression is horrible, but quite explicit nonetheless. The matter content of the theory is the same as N =4 super Yang-Mills with gauge group SU(N ), and the supersymmetry on this supergravity background is believed to enhance when m = ±( 1 − 2 )/2. Then the expression simplifies greatly [29] . In this case, the instanton correction is trivial, because when |Y | ≥ 1, there is a box that causes at least one factor of the numerator to be zero. For each choice of (i, j), the one-loop factor gives
Then the integral boils down to 27) that is, this is just an Hermitean random matrix model. This was originally observed in [30, 31] , and the S 4 localization of [6] was originally conceived to derive this fact quantum field theoretically.
Two correspondences and an interpretation
Here comes the crux: we compute the partition functions of the class of 4d N =2 theories associated to Riemann surfaces with punctures introduced in Sec. 3 on two supersymmetric backgrounds introduced in Sec. 4. We will find that they are given by the two twodimensional theories introduced in Sec. 2.
S 1 × S 3 and the two-dimensional Yang-Mills
Let us first consider the partition function on S 1 × S 3 . Take a three-punctured sphere. In Sec. 3 we associated to it a half-hypermultiplet in 2 ⊗ 2 ⊗ 2 of SU(2) 1 × SU(2) 2 × SU(2) 3 . Its partition function Z(a 1 , a 2 , a 3 ) on S 1 ×S 3 , when the holonomy of SU (2) i is (a i , 1/a i ) ∈ SU(2) i , is given using (4.9) by
It so happens that it has an alternative expression as an infinite sum
is the same function introduced in (4.11),
and χ n (a) = a n−1 + a n−3 + · · · + a 3−n + a
is the character of (a, 1/a) ∈ SU(2) in the n-dimensional irreducible representation of SU (2) . At this point, the reader should try to prove this equality (5.2), or at least check it by expanding both sides to, say, O(q 3 ). We see that this infinite sum expression is equal to the amplitude of the three-holed sphere of the 2d q-deformed SU(2) Yang-Mills, introduced in Sec. 2.30, in the zero area limit, apart from the prefactor involving K(a i ) and K(0).
Next, consider the four-punctured sphere. The corresponding four-dimensional theory is obtained by taking two half-hypermultiplets of SU(2) 1 ×SU(2) 2 ×SU(2) and SU(2)×SU(2) 3 × SU(2) 4 , and coupling them by a dynamical SU(2) gauge multiplet. Correspondingly, the partition function on S 1 × S 3 is given by the formula (4.10):
where we used the infinite product form of the contribution from the half-hypermultiplet, (5.1). In this form it is not clear that this expression is symmetric under the permutation of variables a 1,2,3,4 .
Plugging in the infinite-sum form (5.2) instead, one finds
Here, we used the orthogonality of the SU(2) characters under the natural measure
which is just a special version of (2.6). The factor (1 − z 2 )(1 − z −2 ) is a measure factor introduced by restricting the group variable z ∈ SU(2) into its Cartan torus.
We find that the partition function (5.9) is again equal to the amplitude of the four-holed sphere of the q-deformed SU(2) Yang-Mills, apart from the prefactor involving K(a) and K 0 , and the fact that the area A needs to be set to zero.
This computation can easily be generalized to arbitrary class S theories of type SU(2). On the four-dimensional side, we consider the partition function on S 1 × S 3 of the theory associated to a Riemann surface of genus g with n punctures, where we put the holonomy (a i , 1/a i ) ∈ SU(2) i for the flavor symmetry for the i-th puncture. On the two-dimensional side, we take the q-deformed SU(2) Yang-Mills on the same Riemann surface, where we regard punctures as holes, with the holonomy (a i , 1/a i ) ∈ SU(2) specified around the i-th hole. Then we have the general relation
The factor K(a)/K 0 for each puncture can be absorbed into a redefinition of the holeintroducing operator on the two-dimensional side. Similarly, we can always add a local counter-term in a two-dimensional non-gravitational theory given by
where R g is the curvature scalar of the two-dimensional metric. This can absorb the factor K 0 2−2g . Therefore, we conclude that the S 1 × S 3 partition function of the class S theory of type SU(2) associated to a punctured Riemann surface is always given by the partition function of the q-deformed SU(2) Yang-Mills considered on the same punctured Riemann surface. This is the correspondence first found in [3] .
S 4 and the Liouville theory
Let us next consider the partition function on S 4 , which will be a function of the parameters 1,2 in the supergravity background, the masses m i , and the complexified gauge couplings τ i . Note that 1,2 and m i all have mass dimension 1. We fix the scale by demanding 1 2 = 1. Take a three-punctured sphere. The corresponding four-dimensional theory associated in Sec. 3 is a half-hypermultiplet in 2 ⊗ 2 ⊗ 2 of SU (2) 
and therefore we have
Note that we used our convention that m i are all purely imaginary. We see that this is equal to the denominator of the three-point function (2.46) of the Liouville theory, under the identification
after substituting the definition (2.48) of the function Υ. Most of the factors in the numerator can also be accounted for by identifying the two-dimensional operator
with the puncture with mass m i in the class S construction. Then, most of the massdependent terms of the Liouville three-point function is in the partition function of the trifundamental half-hypermultiplet. Let us denote this as an equation:
where the equality is up to a multiplication by functions independent of m i . Now, let us consider the four-punctured sphere. The corresponding four-dimensional theory is obtained by taking two trifundamentals, one for SU(2) 1 × SU(2) 2 × SU(2) and another for SU(2) × SU(2) 3 × SU(3) 4 , and coupling it to an SU(2) vector multiplet. The S 4 partition function is, according to (4.15),
Here, m i are the mass parameters for SU (2) 
(a, m i , q) is the instanton contribution from the north pole, and Z gauge,one-loop S 4 (a) is the one-loop contribution from the gauge multiplet. Let us start with the gauge one-loop factor, which is This strongly suggests that the rest of the factors should match, namely, that the conformal block F in (2.59) and the instanton partition function Z instanton n.p.
should agree:
under the identification
The equality (5.20) almost works, in the following sense. As already mentioned in Sec. 4.3, we can only compute the instanton contribution of the U(2) gauge fields, for which no halfhypermultiplet exists, since the doublet and the anti-doublet are different for U(2). The half-hypermultiplet in the trifundamental SU(2) 1 × SU(2) 2 × SU(2) with mass parameters m 1 , m 2 is regarded as two fundamental hypermultiplets in U(2), with masses m 1 + m 2 and −m 1 + m 2 . The contribution from these two fundamental hypermultiplets can be computed using the formula (4.24) for the bifundamental of U(2) × U(2). Similarly, we regard the half-hypermultiplet in the trifundamental SU(2) × SU(2) 3 × SU(2) 4 as two fundamental hypermultiplets in U(2), with masses m 3 + m 4 and m 3 − m 4 .
The concrete version of (5.20) is then
The factor which is a fractional power of (1 − q) is the spurious contribution that is already alluded to in Sec. 4.3. The reader is advised at this point to compute both sides of the equation above to order q 2 and check the equality. This can be done by using only the formulas already quoted in this review.
3
This spurious prefactor should be dropped for the physically correct version of the partition function, so we just set
(5.23)
We then have the equality
where the equality is again up to multiplication by a function independent of m i and z.
4
This analysis can be extended to a linear quiver and a circular quiver with SU(2) n gauge group. The restriction comes from our inability to compute the instanton partition function with a trifundamental half-hypermultiplet when all three SU(2)s couple to dynamical gauge fields.
Six-dimensional interpretation
Let us summarize what we saw so far. In Sec. 3, we introduced a class of four-dimensional N =2 theories associated to a Riemann surface with punctures. With n punctures, the corresponding theory has SU (2) n flavor symmetry. In Sec. 5.1, we computed the partition function of these theories on S 1 × S 3 , using the formulas reviewed in Sec. 4.2. We found that it is equivalent to the two-dimensional q-deformed SU(2) Yang-Mills theory on the same Riemann surface that we recalled in Sec. 2.1
In Sec. 5.2, we computed the partition function of these theories on S 4 , using the formulas reviewed in Sec. 4.3. We found that it is equivalent to the Liouville theory on the same Riemann surface that we recalled in Sec. 2.2. How should we understand these correspondences? We already gave the outline in Sec. 1. Here let us see slightly more details.
6d N =(2,0) theory and 4d class S theories
We start from the six-dimensional N =(2, 0) theory of type SU(2), and we put it on a Riemann surface C. Let us discuss a few features of this theory that will be important for us. When compactified on S 1 , it becomes the maximally supersymmetric SU(2) Yang-Mills theory in five dimensions. The precise sense in which it 'becomes' the five-dimensional theory is hotly debated. One strange fact is that the instanton number of the five-dimensional theory should be identified with the Kaluza-Klein momentum of the six-dimensional theory on S 1 . Practically, it is known that, as far as the quantities protected by the supersymmetry are concerned, we just have to include the supersymmetric instanton contributions in the computation. More details of this point can be found in Contribution [35] . We should definitely not include Kaluza-Klein towers of massive fields in five dimensions, as it would lead to overcounting.
This six-dimensional theory has codimension-2 operators, such that on each one of them we have an SU(2) flavor symmetry. The reader would surely be already familiar with operators supported on points. Computing correlation functions of these point-operators is almost the first thing we learn in quantum field theory. Operators supported on lines are also quite familiar: in a four-dimensional gauge theory with gauge group G, we can consider the trace of the path-ordered exponential of the gauge field along a line L, in any representation R of 4 For example, in (5.18) the integrand involves |q| Therefore, there is naively a mismatch (among others) of a factor |q| Q 2 /2 between the two expressions. But note that N =2 supersymmetric theories on curved spaces such as S 4 have local supersymmetric counterterms [32] [33] [34] that can change the partition function by a multiplication of the form |f (τ )| where f is some holomorphic function. This ambiguity accounts for the mismatch |q| G. This defines the Wilson line on L in the representation R. This introduces an external electrically charged particle whose worldline is L. Similarly, we can introduce an external magnetically charged particle on a given worldline: this determines a 't Hooft loop operator. The codimension-2 operator of the six-dimensional theory is similar: it extends along four directions in the six-dimensional spacetime. This four-dimensional subspace can have its own external SU(2) background field, coupled to its flavor symmetry.
So, given a Riemann surface C endowed with a metric and n chosen points p i on it, we consider the spacetime of the form R 1,3 × C and the N =(2, 0) theory of type SU(2) on it, together with a codimension-2 operator on R 1,3 × p i for each i. By making the area of C very small, this defines a four-dimensional theory with SU (2) n flavor symmetry. To preserve a number of supersymmetry, we use the SO(5) R symmetry of the N =(2, 0) theory. The curvature of C makes the spinor bundle over C non-trivial; but the supercharges of the six-dimensional theory is charged not only under the SO(2) metric curvature of C but under the SO(5) R symmetry. So, we pick an SO(2) subgroup of SO (5) R , and put a compensating curvature there, so that some of the supercharge lives in the trivial bundle over C. This method is often called the partial topological twisting.
The most naive choice would be to take the subgroup SO(2) R ×SO(3) R ⊂ SO(5) R , and use this SO(2) R for the partial topological twisting. The resulting theory is N =2 supersymmetric in four dimensions. This partial topological twisting has an additional feature that the most of the computable four-dimensional physics only depends on the total area and on the complex structure of the two-dimensional surface, and not on the detailed choice of the metric.
This allows us to perform the following operation: we pick a decomposition of the punctured Riemann surface into three-punctured spheres connected by a thin, long cylinders. For each of the cylinder, we first perform the reduction around S 1 . Then, we just have the five-dimensional SU(2) super Yang-Mills on an edge, which gives a four-dimensional SU(2) gauge multiplet. The complexified coupling of the resulting gauge multiplet can be argued to be given by τ , the complex parameter geometrically associated to the cylinder. For each of the three-punctured spheres, we have some four-dimensional N =2 theory with SU(2) is SU(2) 3 and there are four trifundamentals. The decomposition on the left and on the right are rather different, however. For example, one trifundamental coming from the sphere at the center of the decomposition on the right has all three SU(2) symmetries coupled to dynamical gauge fields. But we also know that these two decompositions can be continuously deformed to each other. This represents an S-duality from the 4d Lagrangian perspective.
Alternative derivations of the correspondences
In Sec. 5.1 and Sec. 5.2, we computed the partition function of S(C) on S 1 × S 3 and on S 4 , and we found that it is given by two-dimensional q-deformed SU(2) Yang-Mills on C and by the Liouville theory on C. In view of the relation S(X 4 )(C 2 ) = S(C 2 )(X 4 ) when the partition function does not depend on the size, we now conclude that These two equalities are remarkable: usually in the physics literature, the equality is between numbers. Here, it is between quantum field theories! This, the author believes, shows our steady progress towards a better understanding of quantum field theories in general.
We have arrived at the two equations (5.25), (5.26) on S(X 4 ) in a rather roundabouthypermultiplet in the trifundamental of SU (2) 3 , see e.g. [38] . Due to this problem, the S 4 partition function can only be computed for linear or circular quivers. The author hopes an interested reader would find a way to proceed on this point. On the side of S 1 × S 3 partition function, we only discussed a one-parameter slice of the general superconformal indices with three parameters (p, q, t). In the two-parameter slice (p = 0, q, t), it is known that the S 1 × S 3 partition function gives the (q, t)-deformed YangMills theory, where the characters χ λ (a) in the Yang-Mills partition function are replaced by the Macdonald polynomials P λ (a|q, t). In the most general three-parameter case, the basic associativity of the four-point function was shown mathematically, but not as we did by rewriting the infinite product into an infinite sum, over a further generalization P λ (a|p, q, t) of Macdonald polynomials, see e.g. [39] .
More objects in the SU(2) case
So far in this review, we only used one particular type of codimension-2 operators of the six-dimensional N =(2, 0) theory of type SU (2) . It preserves the superconformal symmetry that maps the worldvolume of the operator to itself; such operator is often called regular. Compactifications on a Riemann surface with regular punctures give superconformal theories in four dimensions, and we discussed them exclusively up to this point.
There are also irregular codimension-2 operators, that breaks the superconformal symmetry. Compactifications with irregular punctures can lead to asymptotically-free theories in four dimensions, and also superconformal theories of a rather different type, called ArgyresDouglas theories. The S 4 partition function of asymptotically-free theories can be written down, but that of the Argyres-Douglas theories are not well understood from the 4d point of view. The corresponding Liouville correlators are being explored, see e.g. [40, 41] . There was a progress in the understanding of the S 1 × S 3 partition functions of the Argyres-Douglas theories in 2015, see e.g. [42, 43] .
The six-dimensional N =(2, 0) theory of type SU(2) also has codimension-4 operators, labeled by irreducible SU(2) representations. The ones labeled by trivial 1-dimensional representation are trivial, and the basic nontrivial ones are labeled by the doublet representation. Recall the basic set-up of the 2d/4d correspondence, where we have the six-dimensional theory on X 4 × C 2 . As codimension-4 operators have two-dimensional world-volume, we can have the following three situations, roughly speaking:
• The operator extends in two directions in X 4 , and sits at a point in C 2 . This gives a so-called surface operator of the four-dimensional theory. Its gauge theory description is by now well understood. In the Liouville theory this is an insertion of a degenerate operator. Its manifestation in the q-deformed Yang-Mills was studied in [44] .
• The operator extends in one direction in X 4 , and in one direction in C 2 . This gives a line operator of the four-dimensional theory. In fact, all possible line operators of the class S theories of type SU(2) can be nicely described in this way. They also give line operators in the Liouville theory [45, 46] .
• The operator sits at a point in X 4 , and covers the entire C 2 . This just gives a pointoperator of the four-dimensional theory. When C 2 is the three-punctured sphere, this operator is the trifundamental operator itself.
These appear to be more or less understood; they are more interesting when we generalize from SU(2) to something larger. The codimension-2 operators can also be put into this setup in various ways:
• The operator extends in four directions in X 4 , and sits at a point in C 2 . This is the puncture we have been talking about, and changes the four-dimensional theory.
• The operator extends in three directions in X 4 , and wraps a line in C 2 . This should give a domain wall operator in the class S theory, but does not appear to have been studied.
• The operator extends in two directions in X 4 , and wraps the entire C 2 . This gives a surface operator in the four-dimensional theory, and changes the theory on C 2 . When X 4 = S 4 , the theory on C 2 is the SL(2) WZW theory [47] ; the instanton contribution was studied earlier [48] .
Using 6d N =(2, 0) theories of other types
So far we only discussed the case where we start from the 6d N =(2, 0) theory of type SU (2) . The 6d N =(2, 0) theories are believed to fall into the ADE classification, i.e. there are theories of type G = A n , D n and E n=6, 7, 8 . We can put these theories on X 4 × C 2 , and have a lot of fun working out the resulting 2d/4d correspondences.
Without any additional objects in the setup, S G (S 1 × S 3 ) gives the two-dimensional qdeformed Yang-Mills with gauge group G, or its (q, t) and (p, q, t) generalizations. S G (S 4 ) gives a natural generalization of the Liouville theory, known as the two-dimensional Toda theory of type G, which has a two-dimensional symmetry called the W G algebra, that is a generalization of the Virasoro algebra.
In the N =(2, 0) theory of type G, there are also codimension-2 and codimension-4 operators. The codimension-2 operators can be classified into regular ones and irregular ones. The latter are not very well understood, see e.g. [49] . The former are quite well understood: they are labeled by a homomorphism su(2) → g, see e.g. [50] . The basic one is when the map sends the whole su(2) to zero. This is often called the full codimension-2 operator, and is the one that appears when we split a Riemann surface into two. All the other regular codimension-2 operator can be obtained by giving a vev to the point-operators living on the codimension-2 operator.
The four-dimensional theories obtained by putting the six-dimensional N =(2, 0) theory of type G on a Riemann surface with punctures are called class S theories of type G. As always, they can be decomposed into the cylinders that basically give rise to G gauge multiplets in four dimensions, and the four-dimensional theory for each of the three-punctured spheres. The theory corresponding to the sphere with three full punctures is called the T G theory, or T N theory when G = SU(N ). The T 2 theory is then the free theory of a half-hypermultiplet in the trifundamental of SU (2) 3 . The other T G theories do not admit, however, any useful Lagrangian description. In a sense the SU(2) case was the exception: the six-dimensional N =(2, 0) theory itself does not have any useful Lagrangian, and therefore we should not expect one in four dimensions in general.
This presents a big difficulty in the localization computation, since the localization only applies to the Lagrangian part of the theory. Fortunately, we can still apply the localization to the vector multiplets coming from the cylinders. For example, from this alone, we can conjecture that the instanton partition function of the G gauge theory when G is one of A n , D n or E n=6,7,8 should be controlled by the W G algebra. This aroused a not quite insignificant interest in the mathematics community, and is now rigorously proved [51] [52] [53] . However, the S 4 partition function of the T G theory is not yet known. Under the 2d/4d correspondence, this should map to the three-point function of the Toda theory of type G with general momenta. This is again not known unless G is of type SU(2). Here we see the conservation law of the difficulty at work: something that is difficult on one side of the correspondence is also difficult on the other side. At the same time, we can say that a breakthrough on either side of the correspondence will have a huge impact on the other. The author hopes that an interested reader will do make such an epoch-making step. The S 1 × S 3 partition function of the T G theory has been deduced from the associativity alone, at least in the two-dimensional (q, t) slice. This information has been used to understand the T G theory better.
We can put a regular codimension-2 operator specified by a homomorphism φ on S 4 × C 2 such that it wraps the entire C 2 and occupy an S 2 ⊂ S 4 . This is known to modify the W G symmetry on C 2 to a more general W-algebra W (G, φ) obtained by the quantum DrinfeldSokolov reduction. But the two-dimensional theory itself has not been worked out.
Let us now briefly discuss codimension-4 operators of the six-dimensional theory of type G. They are labeled by irreducible representations of G. When three representations R 1,2,3 have an invariant tensor ϕ : R 1 ⊗ R 2 ⊗ R 3 → C, we can consider a junction of three codimension-4 operator along a one-dimensional locus. We can place such a junction in X 4 × C 2 in many ways; analyzing the setup from the point of view of the four-dimensional theory on X 4 and from that of the two-dimensional theory on C 2 generate various correspondences, some of which have been worked out.
Other spacetimes, other theories
In this review, we only discussed putting the six-dimensional N =(2, 0) theory on a particular spacetime of the form X 4 × C 2 , where we perform the partial topological twist along C 2 to have N =2 supersymmetry on X 4 . In fact the choices we actually used in this review were even more restricted. Namely, we only considered just two cases, X 4 = S 1 × S 3 and X 4 = S 4 . Clearly this very short list can be extended. There are a few works on X 4 = S 1 × S 3 /Z k and on X 4 = S 4 /Z k . For example, the six-dimensional N =(2, 0) theory of type SU(2) on S 4 /Z 2 is known to lead to the N =(1, 1) super Liouville theory on the two-dimensional side.
Another choice is to take compact complex toric surfaces as X 4 . For this, the final formula of the localization computation was announced by Nekrasov in [54] ; the details were recently provided by different authors in [55] . The corresponding two-dimensional theories labeled by X 4 were not understood yet, though.
We can also consider non-compact complex surfaces as X 4 . In this case we do not obtain a full-fledged 2d theory; rather, the supersymmetric localization on it gives rise to 2d chiral algebras. The case X 4 = R 4 was originally studied by [5] and gives the instanton contribution we discussed in Sec. 4.3. There are also various studies when X 4 is an ALE space, which was pioneered by [56] . For a sample of references, see e.g. [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] . 5 We can of course consider other decompositions of the six-dimensional spacetime. For example, we can consider putting the six-dimensional N =(2, 0) theory on spacetimes of the form X 6−d × C d where we perform the partial topological twist along C d , so that the preserved supersymmetry squared generates an isometry in X 6−d . Note that this setup is not symmetric under the exchange d ↔ 6 − d. In this review we only discussed the case d = 2; the other cases d = 3, 4 have been analyzed, mainly for six-dimensional N =(2, 0) theory of type SU(N ). For example, the reader can find some discussion on the 3d-3d case in Contribution [77] . We can have even more fun by including various codimension-2 and codimension-4 operators into this general setup.
Just considering six-dimensional N =(2, 0) theories on product manifolds give us such plethora of correspondences of lower-dimensional quantum field theories that are being worked out. Then a natural direction would be to look for theories other than six-dimensional N =(2, 0) theories as the starting point. In six dimensions, there are many other N =(1, 0) supersymmetric theories that are believed to be ultraviolet complete. They are even less understood than N =(2, 0) theories, but there are recent activities to explore their properties systematically. Once basic features are understood, it should not be impossible to consider them on product manifolds, which hopefully would lead to completely new types of 4d-2d and other correspondences.
Of course we can start from lower-dimensional, more familiar gauge theories on product manifolds of the form X D−d × C d . For example, N =4 super Yang-Mills theory with gauge group G was considered on the spacetime of the form X 2 × C 2 , with a partial topological twisting along C 2 , and this is the basis of Witten's approach to the geometric Langlands correspondence. The two-dimensional theory one obtains on X 2 is a non-linear sigma model on the moduli space of the G-Hitchin system on C 2 , and does not seem to have a nice cut-and-paste description when C 2 is split into two, as was possible in case of the fourdimensional class S theory. It sounds strange that a four-dimensional gauge theory with known Lagrangian behaves in a more complicated way upon compactification on C 2 than a mysterious six-dimensional theory without Lagrangian behaves. The main difference seems to lie in the fact that the possible supersymmetric configuration of the gauge fields on the Riemann surface C 2 is quite rich, since C 2 can have various nontrivial one-cycles, around which the gauge fields can have nontrivial holonomies. In the case of the six-dimensional N =(2, 0) theory, we do not have a useful Lagrangian description; very naively, people say that it is a theory of non-abelian two-form fields. Whatever this statement means, it suggests that there can not be too much supersymmetric configuration on the Riemann surface C 2 , since there is only one two-cycle in C 2 . That said, having an explicit Lagrangian description at the starting point, it should in principle be possible to work out every aspect of the correspondences of the lower-dimensional field theories on X D−d and on C d , which the author thinks worth while to pursue.
